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A mathematical model has been presented for periodic blood flow in a rigid cir- 
cular tube of thin diameter. Blood is presented as a 3-layered fluid by considering 
core fluid as a casson fluid which is covered by a thin layer of Newtonian fluid 
(plasma). The energy integral method has been used to obtain the unsteady 
pressure gradients as suggested by Elkouh [2]. The results obtained for velocity 
profiles have been compared with the experimental results of Bugliarello and Sevilla 
(Biorheology 7 (1970), 85). The effects of various parameters on wall shearing stress 
has also been brought out and discussed. 0 1987 Academic press, hc. 
INTRODUCTION 
In the physiological systems the flows which are called pulsatile flow 
(periodic) are generated by periodically time-varying pressures. In cylin- 
drical channels the problem involving periodic fluid motion has been given 
wide consideration by several investigators seeking to describe the 
dynamics of blood flow in the circulatory system. Womersley [ 12, 133 
studied such types of problems by making the assumption that the 
oscillatory pressure gradient is a known function of time and space, but 
this assumption is valid only when the channel is of uniform cross section 
in the direction of flow. Abu-sitta and Darke [ 1 ] have developed analytical 
solutions which can be applied to the rigid cylindrical tubes of any 
arbitrary cross section. Spillane and Ostrach [ 141 analysed the case of 
pulsating flow in a converging-type channel. An exact solution for fully 
developed laminar flow in a circular tube of constant diameter has been 
obtained by Uchida [19]. Atabek and Chang [S] obtained an 
approximate solution for the oscillatory flow. The periodic flow in rigid 
tubes of slowly varying radius has been investigated by Schnock and 
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Ostrach [4], McFeely, Patek and Jolls [ 1 l] obtained a simple low fre- 
quency solution of Uchida’s problem by using the momentum integral 
method. An approximate solution for unsteady laminar flow of an incom- 
pressible power law fluid in a rigid tube has been obtained by Elkouh [2] 
by using the momentum and energy integral methods. In this analysis, he 
has concluded the energy-integral method yields better results as computed 
to momentum method at low frequencies. Ariman, Turk, and Sylvestor 
[20] studied pulsatile blood flow by using a micropolar fluid model. 
While reviewing the literature, it was felt that not much attention has 
been paid to periodic flows in microcirculation. The main cause is that it is 
not very significant as compared to the arteries of larger diameters. The 
measurements made by Gaehtgens, Meisilman, and Wayland [ 151 in the 
microvessels of the cat show definite pulsations in the venules as well as in 
the arterioles. This leaves an open possibility that blood flow is also 
periodic in the capillaries since these are the connecting vessels of the 
arterioles and venules. Periodic capillary flow in lungs has also been 
demonstrated by Morkin, Collins, Goldman, and Fishman [S]. Therefore, 
it should also be incorporated in the studies of blood flow through small 
capillaries. 
Although the presence of a cell-free plasmatic layer near the wall was 
reported as early as in the seventeenth century but quantitative support for 
the existence of this layer was given by Fahraeus [ 171 in 1931. Barbee and 
Cokelet [9] have been concluded that the plasma layer is presented in 
blood vessels of all sizes, but in small conduits it comprises a significant 
fraction of the vessel diameter. Bugliarello and Sevilla have measured the 
thickness of the marginal layer in glass tubes. An approximate relation for 
marginal-layer thickness has been fitted by Warf, Sorrell, and Felder [lo] 
which indicates that the thickness of the peripheral layer mainly depends 
on Bingham number, Reynolds number, and hematocrit. 
In this paper, an attempt has been made to study the pulsatile flow of 
blood through a rigid circular tube of thin diameter. The blood is modelled 
as a 3-layer fluid by representing the core by Casson’s fluid enclosed by a 
thin peripheral layer of Newtonian fluid, the suspending medium. This 
model, for blood flowing through a small diameter tube appears to be more 
suitable as it incorporates the effects of variables of local concentrations in 
the cell suspension. Furthermore, it holds good for a wide range of shed 
rates (CrlOO,OOO s-l), Charm and Kurland [18]. The values of the 
parameters depending on the hematocrit value has also been estimated by 
Warf et. al. The analytical solutions have been obtained by using the 
energy-integral method as suggested by Elkouh [2]. Results have been 
presented graphically and compared with those of Bugliarello and Sevilla 
in a particular case. 
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The constitutive equations for the respective regions are given by 
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MATHEMATICAL ANALYSIS AND SOLUTIONS 
The equation of motion for fully developed flow of an incompressible 
non-Newtonian fluid is 
(1) 
(2) 
(3) 
T’j2 < y2 for r<R,,. (4) 
Equation (4) accounts for the presence of yield stress in the whole blood as 
shown by the Casson equation (3). In the steady case Eq. (1) reduces to the 
form 
r 4 
T=zdz. (5) 
The constitutive equations are used in Eq. (5) and are solved under the 
following boundary conditions: 
v, Ir=R =o 
VI lr=Ro = v2 
dV - 
dr r=Rp, 
-+ 0. 
(6) 
FIG 1. Flow geometry. 
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The velocities in the different regions are given by the following 
expressions: 
v, =$2g(R2-r2) for R,<r<R 
I 
Vz=-$!$(R2-R~)+$2~(R~-r2) 
I 2 
V,=$z(R’-R;)+-+$(R;-R;,) 
2 
The average velocity V,, is defined by 
Vav = ( V) = $ loR 2nru dr 
R2 ap z---K 
8~; aZ ' 
(7) 
(8) 
(9) 
(10) 
where 
l, +~2a’-~+~(7/3-12~1~2/?1~2) 1 
and 
The above expressions for velocities in the different regions can be 
expressed in terms of average velocity Vav with the help of Eq. (7), (B), (9), 
and (lo), as 
v, = 2v,, 
( > 
!lZ 2(1-r:) 
Kl ‘I1 
(11) 
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v, 25x 
Xl [ ( 
lc- r;- Fy,:,2+2/jr,)] 
v3 = 
2v,, P’ [ 1 K2-- , Kl 3 
(12) 
(13) 
where rc2 = [cl + r2a2 - !a/?“2(a1’2 - ij?‘j2)] and r, = r/R. 
Multyplying (1) by ru and integrating between 0 to R, gives the energy 
equation 
lap R U*rdr= --- 
s Paz o (14) 
Now, breaking the above integral into three parts and substituting the 
corresponding expressions for velocities and shear stresses, Eq. (14) yields 
ap WC, d v + 8~: v 
az= --- K; dt av c =” (15) 
where 
K3 = ~+A,a2-~2a3+13a4+A^4a5-~~~4+A,a7~2~1’2 1 1, = $(fcS - <:,
A2 = 4lc,j!I/3 
A3 = +(2p- <: - K2) 
1, =&[4OjI+3a(l -<:)I 
1:52& 
A6 = $&,( 1001~~ - 15Oafi - 60a2). 
The pressure gradient in rigid tubes tilled with incompressible fluids may 
vary with time but cannot vary with position. According to Ariman et al. 
[20], the pressure gradient is expressed in the form 
-~=p(t)=P,(l+ssino,t) (16) 
where P, is the constant mean pressure gradient, and E = p,/p,, pm is the 
amplitude of the sinusoidal pressure gradient. 
Thus, from Eq. (10) and (16), we get the expression for average velocity 
(VFW>= -$PWK,. 
2 
409/124/l-4 
(17) 
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Using Eq. (17) in (15) we get 
ap R2p~, -=- 
aZ KIylZ P’(l) - P(f). (18) 
Thus, from the Eq. (lo), (1 l), (12), and (13) the velocities for unsteady 
pulsatile blood flow are given as 
(19) 
x [K~ - rf + gfl’i2r3/2 3 1 - 2Brll (20) 
](K2-9 (21) 
The wall-shearing stress is given by 
zw =z,/r=R 
-P(t) . 1 (22) 
NUMERICAL RESULTS AND DISCUSSIONS 
The theoretical pulsatile (periodic) profiles were computed at various 
points in the pressure cycle at 10% hematocrit for the 50 m tube. The 
results in Fig. 2 are compared with the experimental results of velocity dis- 
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FIG. 2. Variation of velocity U with r, for different f. 
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tribution points of Bugliarello and Sevilla [7]. The computed result in 
Fig. 2 are in good agreement with the experimental result of pulsatile blood 
flow. In this connection Ariman et al. has also considered some problems in 
this direction. In all these analyses, the author has developed the 
phenomenon of pressure in the circulatory system which is free from a 
plasm layer near the wall. Barbee and Cokelet [9] has shown in a 
mathematical model that the plasma layer is present in blood vessels of all 
sizes. The fluid in this plasmatic layer is the suspending medium of the bulk 
suspension separated by the axial migration of the cells and therefore the 
velocity of the suspending medium is identical to the velocity of the bulk 
suspension. The effects of the plasmatic layer viscosity are predominant in 
the small diameter vessels and neglecting this effect would not be 
appropriate. 
The effects of peripheral layer viscosity (qf) on velocity have been shown 
in Fig. 3. It is noticed that the velocity decreases as the peripheral layer 
viscosity increases. In Fig. 4, the variation of wall-shearing stress with 
phase angle for different values of E is plotted. It has been noticed that the 
wall-shearing stress increases for the phase angle lying between 0 and 7t/2 
and symmetric decrease in wall-shearing stress is observed for the phase 
angle lying between n/2 and 7~. Since in this analysis the periodic nature of 
the flow has been considered in which the pressure gradient is a sine 
function which is responsible for this nature of wall-shearing stress. The 
effects of phase angle become more important as we increase the value of 
parameter. 
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FIG. 3. Variation of velocity U with r, for different values of peripheral layer viscosity. 
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FIG. 4. Variation of wall shearing stress T, with phase angle for different E. 
The model which we have presented here differs from the previous 
models mainly by the fact that it includes both. a cell-free and a cell- 
depleted layer to account for the two phenomenan of wall exclusion and 
radial migration (Gupta, Nigam, and Jaffrin [3]) of the cells. The 
approximate energy-integral method introduced in this paper seems to be 
more useful for introducing added complexities (rheological and 
physiological) in steps, since the results are satisfactory as shown above. 
The results obtained for different peripheral layer viscosities may be used 
for identifying various deseases. For example, viscosity of the diabetic 
patient’s blood is higher than normal [6], and the incidence of car- 
diovascular deseases for the diabetic is two to three times higher than in 
non-diabetics. 
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